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Transient Coupled Radiation and Conduction in an Absorbing
and Scattering Composite Layer

He-Ping Tan,¤ Ping-Yang Wang,† and Xin-Lin Xia‡

Harbin Institute of Technology, 150001 Harbin, People’s Republic of China

A method is developed for obtaining transient temperatures and heat � ux densities in a two-layer isotropic
scattering semitransparent composite with spectrally dependent radiative properties. The radiative transfer coef-
� cients of the absorbing and isotropic scattering composite are deduced by the ray tracing method in combination
with Hottel and Saro� m’s zonal method (Hottel, H. C., and Saro� m, A. F., Radiative Transfer, McGraw–Hill, New
York, 1967, pp. 265, 266). The boundary surfaces and the internal interface are semitransparent, and the re� ec-
tions are assumed to be diffuse or specular. The radiative heat source term is calculated by the radiative transfer
coef� cients. The transient energy equation is solved by the full implicit control-volumemethod in combinationwith
the spectral band model. An advantage of the method is that it needs only to disperse the space position, but not to
disperse the solid angle. A comparison of the results, obtained under diffuse re� ection, with previous results shows
that the equations are correct, and the results are more accurate. The analysis includes the in� uences of the scatter-
ing albedo, the dimensionless thickness, the conduction–radiation parameter, the convection–radiation parameter,
the spectral properties, and the re� ective mode on the transient temperature � eld and the heat � ux density.

Nomenclature
Ak,Ti = fractional spectral emissive power of

spectral band k at nodal temperature Ti ,

*
D k k

Ib, k (Ti ) dk

* 1
0

Ib, k (Ti ) d k

AI1, AI2, . . . = quotient of radiative intensity absorbed
by the surface S+ 1 (Figs. 3 and 4)

C = unit heat capacity, J ¢ m ¡ 3¢ K ¡ 1

C21 = dimensionless unit heat capacity, C2 / C1

FT , F A, = functions for specular or diffuse re� ection
F J, F M [Eqs. (7), (A5), and (A6)]
H1 , H2 = convection–radiation parameter, h1 / r T 3

r
and h2 / r T 3

r , respectively
h1 , h2 = convective heat transfer coef� cient at

surfaces of S1 and S2 , respectively,
W ¢ m ¡ 2 ¢ K ¡ 1

ki e, kiw = harmonic mean thermal conductivity at
interfaces ie and iw, W ¢ m ¡ 1 ¢ K ¡ 1

Lb = thickness of each layer in composite, m
L t = total thickness of composite, L1 + L2, m
Mb = number of control volumes of each layer
Mt = total number of control volumes of

composite, M1 + M2

Nb = conduction–radiation parameter,
kb / (4r T 3

r L t )
NB = total number of spectral bands
nb,k , ni,k = spectral refractive index of the bth layer and

the i th control volume, respectively,when
i · M1 + 1, n1,k ; otherwise, n2,k

q cd , qr = thermal conductive and radiative heat � uxes,
respectively,W ¢ m ¡ 2
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q̃r 1, q̃r2 = dimensionless external radiation � uxes
incident at x =0 and L t , r T 4

S ¡ 1 / ( r T 4
r )

and r T 4
S+ 1 / ( r T 4

r ), respectively
q̃ t = dimensionless total heat � ux,

(qcd + qr ) / r T 4
r

Su , S0 = black surface, S ¡ 1 or S+ 1 and S ¡ 1 or S+ 1 ,
respectively

(Su S0)k , (Su V j )k , = radiation transfer coef� cients of
(Vi V j )k surface vs surface, surface vs volume, and

volume vs volume in nonscatteringmedia
relative to the spectral band k( D k k )

[Su S0]k , [Su V j ]k , = radiation transfer coef� cient of surface
[Vi V j ]k vs surface, surface vs volume, and volume vs

volume in isotropic scattering media relative
to the spectral band k( D k k )

S1 , S2 , SP = boundary surfaces and internal interface
(Fig. 1)

S ¡ 1 , S+ 1 = black surfaces representing the surroundings
T = absolute temperature, K
Tg1 , Tg2 = gas temperatures for convection at X = 0

and 1, K
T̃g1 , T̃g2 = dimensionless gas temperatures, Tg1 / Tr

and Tg2 / Tr , respectively
Tr = reference temperature or uniform initial

temperature, K
TS ¡ 1 , TS+ 1 = temperatures of the black surfaces S ¡ 1

and S+ 1 , respectively
TI1, TI2, . . . = quotient of radiative intensity transmitted

(Figs. 3 and 4)
t = physical time, s
t ¤ = dimensionless time, (4 r T 3

r / C1L t )t
t ¤
s = steady-state dimensionless time
x = coordinate in direction across layer,

X = x / L t , m
x1i 1 j , . . . = distance of ray transfer between

subscripts, m
z = distance of ray transfer, m
a b,k = spectral absorption coef� cient of each

layer, m ¡ 1

c gb , c bg , c bP = transmissivities at interfaces (Fig. 1)
D t = time interval, s
D x = spacing interval between two nodes, m
d = dimensionless thickness of the � rst layer

L1 / L t
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f = amount of the control-volumeper optical
thickness, f 1 = M1 / s 1, f 2 = M2 / s 2

g i = 1 ¡ x i ; when i · M1 + 1, x i = x 1;
otherwise, x i = x 2

H = dimensionless temperature, T / Tr

h = angle of re� ection or incidence
j b,k = extinction coef� cients of each layer, m ¡ 1

k = wavelength, l m
l = direction cosine, cos( h )
q gb , q bg , q bP = re� ectivities at interfaces (Fig. 1)
r = Stefan–Boltzmann constant, W ¢ m ¡ 2 ¢ K ¡ 4

r s,k = spectral scattering coef� cient, m ¡ 1

s b,k = spectral optical thickness of each layer
U r

i = radiative heat source of the control-volume i
} = refractive angle
x b,k = spectral single-scatteringalbedo of each

layer, r sb,k / ( r sb,k + a b,k )

Subscripts

a = absorbed quotient in the overall radiative
heat transfer coef� cient

b = layer index: 1 in � rst layer, 2 in second layer
c = surface index: 1 or P or 2
h = control-volume index (Appendix)
i, j, l = number of nodes
ie, iw = right and left interface of control volume i

(Fig. 1)
k = relative to spectral band k
s = scattered quotient in the overall radiative

heat transfer coef� cient
1i , 2i = i th node in the � rst and second layers,

respectively

Superscripts

d , s = diffuse and specular re� ection, respectively
m, m + 1 = time step

Introduction

T HE transient coupled radiative and conductive heat transfer
in a semitransparent medium (STM) is one of the pervasive

processes in engineering applications, such as tempered glass and
the application of its products,1 ¡ 3 thermal property analysis for ce-
ramic parts,4 manufacture and application of optical � ber and its
products, processingof multilayer semiconductors,melting and re-
moval of ice layers,5 transientresponsesto volumetricallyscattering
heat shields,6,7 ignitionand � ame spread for translucentplastics and
solid fuels, and so on.

In the last two decades,some researchers,such as Chan and Cho,8

Tsai and Nixon,9 Timoshenkoand Trenev,10 Ho and Özisik,11 Siegel
and Spuckler,12 ¡ 14 Spuckler and Siegel,15 etc., also have focused
on coupled heat transfer in a two-layer or multilayer planar STM
in addition to the heat transfer in a single layer. Because of the
complexity of transient coupled radiative–conductive heat transfer,
most of them considered the steady state,12 ¡ 15 the same refractive
index of the various layers,8,9 and the gray medium,8,9,11 ¡ 13 without
considering scattering.8 ¡ 10 Siegel16,17 used the two-� ux method in
combination with Green’s function to study coupled heat transfer
in the composite with diffuse interfaces and to obtain steady-state
and transient temperature distributions considering the effect of the
isotropic scattering and the refractive indexes. Recently, Siegel has
reviewed the studies of this subject in detail.18

In Ref. 19, the transient coupled radiative and conductive heat
transfer in an one-dimensional nongray single-layer STM was in-
vestigatedby the ray tracing method. In Ref. 19, the radiative prop-
erties of various surfaces (opaque or semitransparentboundary sur-
faces) and thermal boundary conditions are considered. Recently,
this method was extended to study transient coupled heat transfer
in an isotropic scattering single-layer STM.20

The object of this paper is to extend this method to study the tran-
sient coupledconductionand radiationin an absorbingand isotropic
scattering composite layer. With this aim, the ray tracing method,
based on the relations of energy transfer between surface and sur-
face, surface and control volume, and control volume and control
volume of Hottel and Saro� m’s zonal method,21 is used to deduce
the radiative transfer coef� cients (RTCs) of a two-layer isotropic
scattering nongray STM with semitransparent boundary surfaces
under specular or diffuse re� ection. The radiative heat source is
obtained by RTCs. The transient energy equation is solved by the
control-volume method. The temperature � eld and the heat � ux
density distribution in a two-layer planar absorbing and scattering
mediumareobtainedfor thegeneralboundaryconditionsof external
convection and radiation.

Physical Model and Governing Equation
Physical Model

The energy equation for transient coupled radiative and conduc-
tive heat transfer in a participatingmedium is given by

C ( @T

@t ) = ¡ div(qcd + qr ) (1)

The analysis is for an absorbing,emitting,and scatteringcompos-
ite composed of a two-layer planar STM with different optical and
thermal properties in different layers. As shown in Fig. 1, the com-
posite is between two black surfaces S ¡ 1 and S+ 1 that denote the
environment,whose temperatures are TS ¡ 1 and TS+ 1 , respectively.
The boundary surfaces S1 and S2 and the internal interface SP are
semitransparent.The � rst layer is divided into M1 control volumes
along its thickness, and the second layer is divided into M2 control
volumes. Here, 1i = 1 and 2i = M2 + 1 are the surfaces S1 and S2,
respectively.Let Mt = M1 + M2, then the total number of nodes is
Mt + 2. For convenience,1i and 2i are shortened to i in the follow-
ing equations, except for the RTCs. When i · M1 + 1, i represents
the i th node in the � rst layer and the subscript in the equationb =1;
otherwise, i represents the (i ¡ M1 ¡ 1)th node in the second layer
and b = 2. Therefore, the fully implicit discrete energy equation of
the control volume i is obtained as

Cb D x(T m + 1
i ¡ T m

i ) / D t = [km + 1
ie (T m + 1

i + 1 ¡ T m + 1
i )

+ km + 1
iw (T m + 1

i ¡ 1 ¡ T m + 1
i )] / D x + U r,m + 1

i 2 · i · Mt + 1

(2)

As shownin Table1, the radiativepropertiesofSTM are simulated
by three rectangular spectral bands (N B =3).

Radiative Heat Source

The key to solving the transient discrete energy equation is to
solve the local radiative heat source term (U r

i ). For the one-dim-
ensional problem, the radiative heat source of the control volume i
is equal to the difference of radiative � ux densities between its two
interfaces19:

U r
i = qr

ie(T ) ¡ qr
iw (T ) = qr

i e(T ) ¡ qr
(i ¡ 1)e(T ) 2 · i · Mt + 1

(3)

Table 1 Two spectral band models used for
the different semitransparent material

Model Aa Model Bb

k k , l m j k ,m ¡ 1 k , l m j k ,m ¡ 1

1 0.5–2.7 20 0.5–2.7 2.5
2 2.7–4.5 2,000 2.7–4.5 250
3 4.5–50 10,000 4.5–50 1250

a Model A, nk = 1.5, x = 0.5. bModel B, nk = 3.0, x = 0.
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Fig. 1 Zonal discretion model of two-layer planar composite.

When the boundary surfaces S1 and S2 are semitransparent,qr
ie can

be expressed as

qr
ie = r

N B

k̂ = 1
{ i

ĵ = 2

([S+ 1 V j ]k Ak ,TS+ 1
T 4

S+ 1

¡ n2
j,k [V j S+ 1 ]k Ak,T j T

4
j )

+
Mt + 1

^
j = i + 1

i

l̂ = 2

(n2
j,k[V j Vl ]k Ak,T j T

4
j ¡ n2

l,k [Vl V j ]k Ak ,Tl T
4

l )

+
Mt + 1

^
j = i + 1

(n2
j,k[V j S ¡ 1 ]k Ak ,T j T

4
j ¡ [S ¡ 1 V j ]k Ak,TS ¡ 1

T 4
S ¡ 1

)

+ [S+ 1 S ¡ 1 ]k Ak ,TS+ 1
T 4

S+ 1
¡ [S ¡ 1 S+ 1 ]k Ak,TS ¡ 1

T 4
S ¡ 1 } (4)

The radiative heat source can be rewritten as

U r
i = r

N B

k̂ = 1
{([S+ 1 Vi ]k Ak,TS+ 1

T 4
S+ 1 ¡ n2

i,k [Vi S+ 1 ]k Ak ,Ti T
4

i )

+
Mt + 1

ĵ = 2

(n2
j,k[V j Vi ]k Ak,T j T

4
j ¡ n2

i,k [Vi V j ]k Ak,Ti T
4

i )

+ ([S ¡ 1 Vi ]k Ak,TS ¡ 1
T 4

S ¡ 1
¡ n2

i,k [Vi S ¡ 1 ]k Ak,Ti T
4

i )}
2 · i · Mt + 1 (5)

where when i, j · M1 + 1, n i = n1 , and n j =n1; otherwise,n i = n2

and n j =n2 .
When i =1 and Mt + 2, the radiative heat � ux at the boundary

surfaces qr
S1

and qr
S2

are

qr
S1

= qr
1w = r

N B

k̂ = 1
{ Mt + 1

ĵ = 2

(n2
j,k[V j S ¡ 1 ]k Ak,T j T

4
j

¡ [S ¡ 1 V j ]k Ak ,TS ¡ 1
T 4

S ¡ 1
) + [S+ 1 S ¡ 1 ]k Ak,TS+ 1

T 4
S+ 1

¡ [S ¡ 1 S+ 1 ]k Ak ,TS ¡ 1
T 4

S ¡ 1 } (6a)

qr
S2

= qr
(Mt + 1)e = r

N B

k̂ = 1
{ Mt + 1

ĵ = 2

([S+ 1 V j ]k Ak ,TS+ 1
T 4

S+ 1

¡ n2
j,k [V j S+ 1 ]k Ak,T j T

4
j ) + [S+ 1 S ¡ 1 ]k Ak ,TS+ 1

T 4
S+ 1

¡ [S ¡ 1 S+ 1 ]k Ak ,TS ¡ 1
T 4

S ¡ 1 } (6b)

From the foregoing process, we can see the dif� culty in solving
the radiative heat source and the radiative heat � ux density is in
calculating the RTCs.

RTC of a Two-Layer Composite
The RTC of a surface or a control-volume element i vs element

j is de� ned as the quotient of the radiative energy absorbed by
element j in the transfer process of the radiative energy emitted
by element i . For the scattering STM, the transfer process includes
1) the radiativeenergy directly reaching element j , 2) the re� ection
by surfacesonceor many times, and 3) the scatteringby the medium
once or many times.

Though the transfer of radiative energy is completed instantly,
the transfer process can be divided into two subprocessesaccording
to the transfer mechanism of radiative energy in the STM.

1) Only the absorption and emission of the medium are consid-
ered, that is, the radiative energy emitted by element i directly or
after surface re� ections reaches element j . For this condition, the
RTC is presented by (Su S0), (Su V j ), and (Vi V j ).

2) When scattering is considered,the quotientof the radiativeen-
ergy represented by the RTCs for the absorbing, emitting medium
should be redistributed.After scatteringonce, a part of radiative en-
ergy representedby the RTC is absorbedby the STM, and the rest is
scattered. For isotropic scattering, the radiative intensity scattered
by element j is distributeduniformly. Such a distribution is equiva-
lent to the distribution of the radiative intensity emitted by element
j . When the effect of scattering is considered,the RTC is presented
by [Su S0], [Su V j ], and [Vi V j ].

In this paper,RTCs without a superscriptmay be applied to either
specular or diffuse re� ection. For convenience, subscript k of the
variables denoting spectral properties q , c , and x is omitted in the
deductive process in the text.

RTC for an Absorbing, Emitting Composite Under Specular Re� ection

Under specular re� ection, the incident angle of the ray (denoting
the radiative intensity) is equal to the re� ective angle, as shown in
Fig. 2; therefore, two rays with different launching angles cannot
intersect. Thus, the attenuation function of the radiative intensity
with an arbitrary launching angle along the transferringpath can be
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found by tracing this ray; then the RTC, taking into consideration
re� ections for an absorbing, emitting STM, can be calculated by
integrating in hemisphere space.

Brie� y, four functions are de� ned.
1) The transmissivity after the radiative intensity transferring

through the distance z / l b in the bth layer:

FTb,k (z) = exp( ¡ j b,k z / l b) (7a)

2) In the transfer process of the radiative intensity in the single-
layer (bth layer) STM, the total radiative intensity reachinga certain
element is the sum of a geometric progression, as shown in Fig. 3.
Assume FJb,k to be the common ratio of the geometric progression
and to be given by

F J b,k = q bP q bgFTb,k(2Lb) (7b)

3) In the radiativeintensitytransferprocess in the two-layerSTM,
the total radiativeintensityreachinga certainelement is also the sum
of a geometric progression,as shown in Figs. 3 and 4. Assume FJk

to be the common ratio of the geometric progressionand to be given
by

FJk =
c 1P c 2P q 1g q 2gFT 1,k (2L1)FT2,k (2L2)

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k )
(7c)

4) From the energy transferring relations of the zonal method21

and the geometric relations in Fig. 1,

(Si V j ) = (Si S j ) ¡ (Si S j + 1), xi, j + 1 = xi, j + D x

we can obtain the radiative intensity factor of the emission and
absorption by some element in the bth layer:

FAb,k = 1 ¡ FT b,k ( D x) (7d)

By reference to Figs. 3 and 4, the process of deducing RTC
(S ¡ 1 S+ 1 )s

k is provided. After passing through surface S1, the ra-
diative intensity emitted by the black surface S ¡ 1 at a certain angle

Fig. 2 Two rays tracing with launchingangleµ1 and µ2 under specular
re� ection.

Fig. 3 Diagram of the radiative intensity transferring in a two-layer STM under specular re� ection.

First-order absorption Second-order absorption

Fig. 4 Diagram of the radiative intensity equivalent transferring in the composite.

enters the � rst layer, where it is attenuated to zero due to multiple
re� ection, transmission, and absorption. In this process, a part of
radiative intensity enters the second layer and is denoted TI1. TI1
can be divided into three parts.

1) The � rst part is absorbed by the second layer.
2) The second part reaches the black surface S+ 1 through the

surface S2 and is denoted AI1.
3) The last part, denoted TI2, goes back to the � rst layer through

the surface SP . A part of TI2 transmits into the second layer again
through the surface SP in the transferring process in the � rst layer
and is denotedTI3. TI3 carries out the foregoingprocess repeatedly,
and a part of it, denoted AI2, can reach the black surface S+ 1 again.

The described process is carried out repeatedly (see Fig. 4) until
the radiative intensity emitted by the black surface S ¡ 1 and trans-
mitted into the composite is attenuated to zero. In Fig. 4, every bee-
line with arrowhead and every � exline with arrowhead within each
layer denotes a process in Fig. 3; the radiativeintensity is repeatedly
attenuatedto zero in the process of re� ection,absorption,and trans-
mission in that layer. In this process, the beeline and � exline within
each layer denote the attenuationfactorsFT b,k(Lb) / (1 ¡ FJb,k ) and
FT b,k(2Lb) / (1 ¡ FJb,k), respectively.After being transmittedonce,
the radiative intensity emitted by the surface S ¡ 1 and absorbed by
the surface S+ 1 is called the � rst-order absorption and is denoted
by the superscript 1st:

(S ¡ 1 S+ 1 )s, 1st
k = AI1 = c g1 ¢

FT 1,k(L1)

1 ¡ FJ1,k
¢ c 1P

FT 2,k (L2)

1 ¡ FJ2,k
¢ c 2g (8)

The second-order absorption is

(S ¡ 1 S+ 1 )s,2nd
k = AI2

=
c g1 ¢ c 1P ¢ c 2g ¢ FT 1,k(L1) ¢ FT 2,k (L2)

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k)

£ [ q 1g c 1P FT1,k (2L1)

1 ¡ FJ1,k
¢

q 2g c 2P FT2,k (2L2)

1 ¡ FJ2,k ]
1

(9)

The third-order absorption is

(S ¡ 1 S+ 1 )s,3rd
k =

c g1 ¢ c 1P ¢ c 2g ¢ FT1,k (L1) ¢ FT 2,k(L2)

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k )

£ [ q 1g c 1P FT1,k (2L1)

1 ¡ FJ1,k
¢

q 2g c 2P FT2,k (2L2)

1 ¡ FJ2,k ]
2

(10)
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The (n + 1)th-order absorption is

(S ¡ 1 S+ 1 )s,(n + 1)th
k =

c g1 ¢ c 1P ¢ c 2g ¢ FT 1,k(L1) ¢ FT 2,k (L2)

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k)

£ [ q 1g c 1P FT1,k(2L1)

1 ¡ FJ1,k
¢

q 2g c 2P FT2,k (2L2)

1 ¡ FJ2,k ]
n

(11)

Accordingto theprecedinganalysis,in the entire transferprocess,
that is, the attenuation to zero of the radiative intensity emitted by
S ¡ 1 and transmitted into the composite, the total radiative intensity
absorbed by the black surface S+ 1 is the sum of the geometric

(S ¡ 1 V1 j )
s

k
= 2 c g1n2

1,k * 1

l 1g

FA1,k{FT 1,k(x1,1 j ) + q 1P FT1,k (L1 + xP ,1 j + 1)

1 ¡ FJ1,k

+
c 1P c 2P q 2gFT 1,k(L1)FT 2,k(2L2)[FT 1,k(xP ,1 j + 1) + q 1gFT 1,k(L1 + x1,1 j )]

(1 ¡ FJ1,k )2 ¢ (1 ¡ FJ2,k ) ¢ (1 ¡ FJk ) } l 1 d l 1 (14)

(S ¡ 1 V2 j )
s

k
= 2 c g1n2

2,k * 1

l 2g

FA2,k

c 1P FT 1,k(L1) ¢ [FT2,k (xP ,2 j ) + q 2gFT 2,k (L2 + x2,2 j + 1)]
(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k) ¢ (1 ¡ FJk)

l 2 dl 2 (15)

(S+ 1 V1 j )
s

k
= 2 c g2n2

1,k * 1

l 1g

FA1,k

c 2P FT 2,k(L2)[FT1,k (xP ,1 j + 1) + q 1gFT 1,k(L1 + x1,1 j )]
(1 ¡ FJ1,k) ¢ (1 ¡ FJ2,k ) ¢ (1 ¡ FJk )

l 1 d l 1 (16)

(S+ 1 V2 j )
s

k
= 2 c g2n2

2,k * 1

l 2g

FA2,k{FT 2,k(x2,2 j + 1 ) + q 2P FT 2,k(L2 + xP, 2 j )

1 ¡ FJ2,k

+
c 1P c 2P q 1gFT 2,k(L2)FT 1,k(2L1)[FT 2,k(xP ,2 j ) + q 2gFT2,k (L2 + x2,2 j + 1)]

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k)2 ¢ (1 ¡ FJk ) } l 2 d l 2 (17)

(V1i V2 j )
s

k
= 2 * 1

l 21

[q 1gFT 1,k (x1i ,1 + L1) + FT1,k (x1i + 1 , P )][FT2,k (xP ,2 j ) + q 2gFT 2,k (L2 + x2,2 j + 1 )]
n2

1,k (1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k) ¢ (1 ¡ FJk) / [n2
2,k c 1P FA1,k FA2,k]

l 2 d l 2 (18)

(V1i V1 j )
s

k
= R1,k + 2 * 1

0

FA2
1,k

1 ¡ FJ1,k { q 1g FT1,k (x1i , 1 + x1,1 j ) + q 1g q 1P FT1,k(x1i ,1 + L1 + xP ,1 j + 1 ) + q 1P FT 1,k(x1i + 1 , P + xP, 1 j + 1 )

+ q 1g q 1P FT 1,k(x1i + 1 , P + L1 + x1,1 j ) +
[q 1gFT1,k (x1i ,1 + L1) + FT 1,k(x1i + 1 , P )][FT 1,k(xP ,1 j + 1) + q 1gFT 1,k(L1 + x1,1 j )]

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k ) ¢ (1 ¡ FJk) / [q 2g c 1P c 2P FT2,k (2L2)] } l 1 d l 1

(19)

(V2i V2 j )
s

k
= R2,k + 2 * 1

0

FA2
2,k

1 ¡ FJ2,k { q 2P FT2,k(x2i , P + xP ,2 j ) + q 2g q 2P FT2,k (x2i + 1 ,2 + L2 + xP ,2 j ) + q 2g q 2P FT 2,k(x2i , P + L2 + x2,2 j + 1 )

+ q 2gFT 1,k (x2i + 1 ,2 + x2,2 j + 1) +
[FT 2,k (x2i , P ) + q 2gFT 2,k(x2i + 1 , 2 + L2)][FT 2,k(xP ,2 j ) + q 2gFT2,k (L2 + x2,2 j + 1)]

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k ) ¢ (1 ¡ FJk ) / [q 1g c 2P c 1P FT1,k (2L1)] } l 2 d l 2 (20)

progression.Then (S ¡ 1 S+ 1 )s
k can be calculated by integrating the

total radiative intensity in hemisphere space,

(S ¡ 1 S+ 1 )s
k = 2 * 1

0

[(S ¡ 1 S+ 1 )s,1st
k + (S ¡ 1 S+ 1 )s,2nd

k

+ (S ¡ 1 S+ 1 )s,3rd
k + ¢ ¢ ¢ ]l 1 dl 1

= 2 * 1

0

c g1 ¢ c 1P ¢ c 2g ¢ FT 1,k (L1) ¢ FT2,k (L2)

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k) ¢ (1 ¡ FJk)
l 1 d l 1 (12)

For a two-layer STM, there are 18 RTCs: 16 of them are used in
calculating the temperature � eld; the others are the self-RTCs and

are used in calculatingthe integralityof the RTCs. For the relativity
of the RTC, the 16 RTCs can be sorted into 8 pairs:

(S ¡ 1 S+ 1 )s
k = (S+ 1 S ¡ 1 )s

k , (S ¡ 1 V1 j )
s

k
= n2

1,k (V1 j S ¡ 1 )
s

k

(S ¡ 1 V2 j )
s

k
= n2

2,k (V2 j S ¡ 1 )
s

k
, (S+ 1 V1 j )

s

k
= n2

1,k (V1 j S+ 1 )
s

k

(S+ 1 V2 j )
s

k
= n2

2,k (V2 j S+ 1 )
s

k
, n2

1,k(V1i V2 j )
s

k
= n2

2,k (V2 j V1i )
s

k

(V1i V1 j )
s

k
= (V1 j V1i )

s

k
, (V2i V2 j )

s

k
= (V2 j V2i )

s

k
(13)

To obtain other RTCs, the processes are similar to that of
(S ¡ 1 S+ 1 )s

k :

The self-RTCs of the black surfaces S ¡ 1 and S+ 1 are

(S ¡ 1 S ¡ 1 )s
k = q g1 + 2 c g1 c 1gn2

1,k * 1

l 1g
{ q 1P FT 1,k(2L1)

1 ¡ FJ1,k

+
c 1P c 2P q 2gFT1,k(2L1)FT 2,k(2L2)

(1 ¡ FJ1,k )2 ¢ (1 ¡ FJ2,k) ¢ (1 ¡ FJk) }l 1 d l 1 (21)

(S+ 1 S+ 1 )s
k = q g2 + 2 c g2 c 2gn2

2,k * 1

l 2g
{ q 2P FT 2,k(2L2)

1 ¡ FJ2,k

+
c 2P c 1P q 1gFT2,k(2L2)FT 1,k(2L1)

(1 ¡ FJ1,k ) ¢ (1 ¡ FJ2,k )2 ¢ (1 ¡ FJk) }l 2 d l 2 (22)
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where l 1g , l 2g , and l 21 are the critical direction cosines,
l 1g =

p
[1 ¡ (1/ n2

1,k)], l 2g =
p

[1 ¡ (1/ n2
2,k)], and l 21 =

p
[1 ¡

(n2
1,k / n2

2,k)]. When i 6= j ,

Rb,k = 2 * 1

0

FA2
b,k ¢ FT b,k (xbi ,b j ) l b dl b

When i = j ,

Rb,k = 4 j b,k D x ¡ 2[1 ¡ 2E3( j b,k D x)]

A limit condition, n1,k ·n2,k , is implied in these equations. Thus,
the following limit conditions must be met: if 0 · l 1 · l 1g , then
q 1g = q 2g =1 and c 2P =0; if 0 · l 2 · l 21, then q 2P = q 2g = 1; if
l 21 < l 2 · l 2g , then q 2g = q 1g = 1.

RTC for an Absorbing, Emitting Composite Under Diffuse Re� ection

Under specular re� ection, the radiative intensity is traced when
the RTC is obtained by the ray tracing method; whereas under dif-
fuse re� ection, the radiative energy is traced. However, the trac-
ing process of the ray is the same, and so it is omitted here. The
RTC and its relativity under diffuse re� ection are provided in the
Appendix.

RTC of an Absorbing, Emitting, Isotropic Scattering Composite

When the effect of scattering is considered, the quotient of ra-
diative energy representedby RTCs (Su S0 ), (Su V j ), and (Vi V j ) will
be redistributed. For the convenience, subscript k and superscripts
s or d are omitted in the followingequations.This is because, when
isotropic scattering is considered,the deductiveprocessand the ulti-
mate form of the RTC equation is the same regardless if it is spectral
or gray, specularor diffuse.The RTC for the single-layerabsorbing,
emitting, and isotropic scattering STM is seen in Ref. 20. In the
following equations, the subscripts a and s are the absorption and
scattering quotient in the RTC, respectively.

The effect of the surface re� ection has been considered in RTCs
(Su S0), (Su V j ), and (Vi V j ). The effect of isotropic scattering will
be considered in the following analysis. The process of deducing
RTC, considering isotropic scattering, is given here using [Vi V j ]
as an example. After the � rst-order scattering, in the quotient of
the energy transfer denoted by the RTC (Vi V j ), only g j is ab-
sorbed, that is, [Vi V j ]1st

a = (Vi V j ) £ g j . After the second-order
scattering,

[Vi V j ]2nd
a = [Vi V j ]1st

a +
Mt + 1

^
l2 = 2

(Vi Vl2 ) x l2 £ (Vl2 V j ) g j

After the third-order scattering,

[Vi V j ]3rd
a = [Vi V j ]2nd

a +
Mt + 1

^
l2 = 2

(Vi Vl2 ) x l2

£ [ Mt + 1

^
l3 = 2

(Vl2 Vl3) x l3 £ (Vl3 V j ) g j ]
After the fourth-orderscattering,

[Vi V j ]4th
a = [Vi V j ]3rd

a +
Mt + 1

^
l2 = 2

(Vi Vl2) x l2

£ { Mt + 1

^
l3 = 2

(Vl2 Vl3) x l3 £ [ Mt + 1

^
l4 = 2

(Vl3 Vl4 ) x l4 £ (Vl4 V j ) g j ]}
The rest are deduced by analogy. After the (n + 1)th-order scatter-
ing, each RTC is given by

[Vi V j ](n + 1)th
a = [Vi V j ]nth

a +
Mt + 1

^
l2 = 2

(Vi Vl2 ) x l2 £ (( Mt + 1

^
l3 = 2

(Vl2 Vl3 ) x l3

£ { Mt + 1

^
l4 = 2

(Vl3 Vl4) x l4 £ ¢ ¢ ¢ £ [ Mt + 1

^
ln + 1 = 2

(Vln Vln + 1) x ln + 1

£ (Vln + 1 V j ) g j ]})) (23a)

[Vi S0](n + 1)th
a = [Vi S0]nth

a +
Mt + 1

^
l2 = 2

(Vi Vl2) x l2

£ (( Mt + 1

^
l3 = 2

(Vl2 Vl3 ) x l3 £ { Mt + 1

^
l4 = 2

(Vl3 Vl4 ) x l4

£ ¢ ¢ ¢ £ [ Mt + 1

^
ln + 1 = 2

(Vln Vln + 1 ) x ln + 1 £ (Vln + 1 S0) ]})) (23b)

[Su V j ](n + 1)th
a = [Su V j ]nth

a +
Mt + 1

^
l2 = 2

(Su Vl2) x l2

£ (( Mt + 1

^
l3 = 2

(Vl2 Vl3 ) x l3 £ { Mt + 1

^
l4 = 2

(Vl3 Vl4 ) x l4

£ ¢ ¢ ¢ £ [ Mt + 1

^
ln + 1 = 2

(Vln Vln + 1 ) x ln + 1 £ (Vln + 1 V j ) g j ]})) (23c)

[Su S0](n + 1)th
a = [Su S0]nth

a +
Mt + 1

^
l2 = 2

(Su Vl2 ) x l2

£ (( Mt + 1

^
l3 = 2

(Vl2 Vl3 ) x l3 £ { Mt + 1

^
l4 = 2

(Vl3 Vl4 ) x l4

£ ¢ ¢ ¢ £ [ Mt + 1

^
ln + 1 = 2

(Vln Vln + 1 ) x ln + 1 £ (Vln + 1 S0) ]})) (23d)

[Vi V j ](n + 1)th
s =

Mt + 1

^
l2 = 2

(Vi Vl2 ) x l2

£ (( Mt + 1

^
l3 = 2

(Vl2 Vl3 ) x l3 £ { Mt + 1

^
l4 = 2

(Vl3 Vl4 ) x l4

£ ¢ ¢ ¢ £ [ Mt + 1

^
ln + 1 = 2

(Vln Vln + 1 ) x ln + 1 £ (Vln + 1 V j ) x j ]})) (23e)

[Su V j ](n + 1)th
s =

Mt + 1

^
l2 = 2

(Su Vl2 ) x l2

£ (( Mt + 1

^
l3 = 2

(Vl2 Vl3 ) x l3 £ { Mt + 1

^
l4 = 2

(Vl3 Vl4 ) x l4

£ ¢ ¢ ¢ £ [ Mt + 1

^
ln + 1 = 2

(Vln Vln + 1 ) x ln + 1 £ (Vln + 1 V j ) x j ]})) (23f)
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Determination of Re� ectivity

It is assumed that each bit of roughness acts as a smooth facet
so that the re� ectivities under diffuse re� ection are also deter-
mined from nb using Fresnel equations.13 When the electromag-
netic wave within the spectra band k incidents on the medium
with the spectra refractive index n2,k from the medium with the
refractive index n1,k at the incidence angle h , the refractive angle is
} = arcsin[n1,k sin( h ) / n2,k]. The spectra re� ectivity q k is given as

q k = * p / 2

0
{[ n2,k cos( } ) ¡ n1,k cos( h )

n2,k cos( } ) + n1,k cos( h ) ]
2

+ [ n1,k cos( } ) ¡ n2,k cos( h )
n1,k cos( } ) + n2,k cos( h ) ]

2

} sin( h ) cos( h ) d h (24)

Under specularre� ection, the RTC was deducedhere considering
the effect of the total re� ection. Therefore, when the ray projects
into a medium with a smaller refractive index, the re� ectivity is
obtained from Eq. (24) with the condition that the ray projects from
the inverse direction. For the diffuse surface, the effect of the total
re� ection is considered in the re� ectivity, so that the re� ectivity is
directly calculated from Eq. (24) regardless of the rays’ projection
side.

Results and Analysis
Temperature Distributions Comparison with Refs. 15 and 16

Under diffuse re� ection, Fig. 5 provides a comparison with
an exact numerical solution15 and an approximate solution us-
ing Green’s function and the two-� ux method.16 Figure 5a has
results for the same parameters as Fig. 5b except that the scat-
tering albedo of the � rst layer is different. The parameters are
n1 = 1.5, n2 =3, s 1 = s 2 =1 q̃r1 =1.04, q̃r2 = 0.254, N1 = N2 =
0.0625, H1 = H2 =1, T̃g1 =1, T̃g2 = 0.25, d =0.5, and C21 =1. As
shown in Fig. 5, the results of this paper are almost the same as the
exact numerical solution in Ref. 15, so that it is dif� cult to distin-
guishboth thecurveswithoutscatteringandwith scattering,whereas

a) Without scattering in both layers

b) Isotropic scattering in the � rst layer

Fig. 5 Comparison of temperature distributions obtained here with
Refs. 15 and 16.

Table 2 Comparison of the dimensionless radiative heat � uxes
obtained here with those of Ref. 12 (³1 = ³2 = ³)

n1 n2 s 1 s 2 q̃r
12

(Ref. 12) f q̃r
12

(this paper)

1 1 20 20 0.0323 5 0.0324283
1 1 20 20 0.0323 7 0.0322801
1 1 20 20 0.0323 10 0.0322001
1 1 20 20 0.0323 20 0.0321417
1 1 20 20 0.0323 30 0.0321307
1 3 20 20 0.0518 5 0.0520065
1 3 20 20 0.0518 7 0.0517946
1 3 20 20 0.0518 10 0.0516802
1 3 20 20 0.0518 20 0.0515966
1 3 20 20 0.0518 30 0.0515810
1.5 3 10 3 0.1656 10 0.1648266
1.5 3 10 3 0.1656 20 0.1646371
1.5 3 1 3 0.3290 10 0.3256801
1.5 3 1 3 0.3290 20 0.3255237
2 4 1 0.1 0.3393 10 0.3375777
2 4 1 0.1 0.3393 20 0.3375142

the approximate results in Ref. 16 deviate a little from the results
in Ref. 15. This demonstrates that the equations obtained here are
correct, and the accuracy of the method developed is high because
the space solid angle is not dispersed but is directly integrated.

Heat Flux Densities Comparison with Ref. 12

Under the steady-statecondition,neglectingheat conductionand
diffuse re� ection, the dimensionless radiative heat � ux density,
q̃r

12 = qr
12 / ( r T 4

S ¡ 1
¡ r T 4

S+ 1
), in the two-layer semitransparentme-

dia is calculated in Ref. 12 (where TS ¡ 1 > TS+ 1 ; the subscript 12
denotes that q̃r

12 is de� ned by Ref. 12). From Table 1 in Ref. 12, it
can be seen that the diffuseapproximationresults (the dimensionless
temperaturedistribution U and dimensionlessradiativeheat � ux W )
are accurate to at least the second decimal place as compared with
the exact results when the optical thickness is equal to 10 and 100.
However, only the � rst decimal place is assured when the optical
thickness is equal to 0.1 and 1. Comparison of the results in this pa-
per with those in Ref. 12 for the case f 1 = f 2 = f =5 » 30 is shown
in Table 2. We can see the following. 1) When s 1 = s 2 =20, the
results in this paper well agree with those in Ref. 12, but with the
decrease of the optical thickness, a deviation appears. 2) With the
increaseof f , the deviationis larger and approachesa constant.Take
the case of s 1 = s 2 =20 as an example: When f = 7, the results in
this paper are the same as those in Ref. 12, but further increase of f
will cause the deviation.

Effect of the Scattering Albedo on Temperature Distributions

Figure 6 shows the effect of scattering albedo x 1 of the � rst
layer on the temperature distributions in the composite for the
case n1 =1.5, n2 =3.0, q̃r 1 = 1.54 , q̃r2 =0.54, N1 = N2 =0.025,
H1 = H2 =5, T̃g1 = T̃g2 = 1, d = 0.5, and C21 =1, under two re� ec-
tive modes. The following two conditions are considered: 1) The
absorption optical thickness of the � rst layer s a1(= a 1d1 = 0.1) is
kept constant, while the optical thickness s 1(= j 1d1) is relatively
increased from 0.1 in Fig. 6a to 10 in Fig. 6b with the scattering
albedo x 1 increased from 0 to 0.99. 2) Optical thickness s 1(= 0.1)
is kept constant, while s a1 is decreased from 0.1 (Fig. 6a) to 0.001
(Fig. 6c) with x 1 increased from 0 to 0.99.

For case 1, the peak value of the temperature moves to the � rst
layer throughoutthe transienttime with the increaseof the scattering
albedo. When x 1 = 0.99, all of the peak values appear in the � rst
layer, and the temperatures in the second layer lower greatly at the
same time (Fig. 6b). This is because the same s a1 and the larger x 1

shield the second layer from incident radiation.
For case 2, the peakvaluesof the temperaturethroughoutthe tran-

sient time appear in the second layer and near the internal interface
(Fig. 6c). For the case of Fig. 6a, the effect of the re� ective mode
on the temperature � eld is larger than that for the other conditions
because s a1 is small (0.1) and without scattering. With the increase
of x 1 , the effect of the re� ective mode on the temperature � eld gets
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Table 3 Dimensionless transient total heat � ux densities Äqt at dimensionless coordinate X = 0.9

Fig. 6a Fig. 6b Fig. 6c Fig. 7

t ¤ Diffuse Specular Diffuse Specular Diffuse Specular Diffuse Specular

0.1 1.1016 1.1682 0.4928 0.5232 1.2778 1.3124 0.4719 0.5019
0.4 1.5833 1.6170 0.5454 0.5784 1.8091 1.8320 0.5287 0.5602
t ¤
s 1.8892 1.9090 0.7598 0.7945 1.9704 1.9946 0.7671 0.8008

a) !1 = 0, ¿1 = 0.1; !2 = 0, ¿2 = 5

b) !1 = 0.99, ¿1 = 10; !2 = 0, ¿2 = 5

c) !1 = 0.99, ¿1 = 0.1; !2 = 0, ¿2 = 5

Fig. 6 Effect of !1 on temperature distributions.

small whether s a1 or s 1 is changed or not (Figs. 6b and 6c) because
the isotropic scattering changes the direction of the ray transfer un-
der specular re� ection so that the transfer process is similar to that
under diffuse re� ection. The dimensionless total heat � ux densities
q̃ t at the dimensionless coordinate X = 0.9 are shown in Table 3.

Effect of Dimensionless Thickness on Temperature Distributions

When d = 0.5, the two layershaveequal thickness.Figure7 shows
the temperature distributions when the parameters are the same as
those in Fig. 6b with the exception that d =0.75, that is, L1 =3L2.
As shown in Figs. 7 and 6b, the general trend of temperature distri-
butions is similar for both cases. The dimensionless total heat � ux
densities q̃ t are also similar (Table 3).

Fig. 7 Effect of ±1 on temperature distributions.

a) Diffuse re� ection

b) Specular re� ection

Fig. 8 Effect of conduction–radiation parameter on temperature dis-
tributions.

Effect of the Conduction–Radiation Parameter
on Temperature Distributions

The effect of the conduction–radiation parameter on the temper-
ature distributions is shown in Fig. 8 for the case n1 =1.5, n2 =3.0,
s 1 =1, s 2 =2, q̃r1 =1.54 , q̃r2 =0.54, H1 = H2 =5, T̃g1 = T̃g2 =1,
d =0.5, C21 =1, x 1 = 0.9, and x 2 =0. The conduction–radiation
parameter is changed from 0.005 (solid lines) to 0.05 (dotted lines)
and 0.5 (dot–dash lines). Figure 8 shows the following: 1) With
the decrease of the conduction–radiation parameter, the tempera-
ture gradient in the � rst layer becomes larger, and the temperature
in the second layer is somewhat raised. 2) The general trends of
temperature distributions are still similar for specular and diffuse
re� ection.
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Effect of the Convection–Radiation Parameter
on Temperature Distributions

When considering transient coupled radiative–conductive heat
transfer, the conduction happens only in the adjoining region, but
the radiation can take place over all of the semitransparent and
transparentpaths with relation to the optical thickness.Thus, if only
the conduction is considered and there is no internal heat source,
external energy can only transfer from the boundary surfaces to the
inner part of the medium so that the temperatures decrease along
the thickness.When the radiation is considered, at the moment and
place when and where the accumulated energy becomes maximum,
the temperature peak would appear. According to the preceding
analysis, it is impossible for the temperature peak to appear in the
opaque medium or in the semitransparent homogeneous medium
with opaque boundary surfacesbecause the radiative energy cannot
directlytransferto the innerpartof the medium, but canonly transfer
to the inner part from the heated boundary surfacesby radiation and
conduction.

In Ref. 22 it is pointed out that the main cause of the temperature
peak appearing is the effect of radiation for the coupled radiative–

conductiveheat transferin the homogeneousSTM. Also, the follow-
ing four conditionsmust be met at the same time (see Figs. 6–8): 1)
The medium is semitransparent.2) The boundarysurfaces are semi-
transparent.3) The semitransparentmedium is subjectedto external
radiation. 4) The heated side is cooled by convection.

For an inhomogeneous medium, if the absorption coef� cient in
the inner part is higher than that in the part close to the surface, then
the radiative energy absorbed in the inner part can be greater than
that in the part close to the surface, though the surface is not cooled
by convection. In this case, would there be a temperature peak in
the STM ?

When the two layers of the semitransparent media have differ-
ent physical properties, they can be considered as a single-layer
inhomogeneous semitransparentmedium. Under diffuse re� ection,
the temperature distributions for the composite without convection
(H1 = H2 = 0) at boundary surfaces are given in Fig. 9 for the case
s 1 = 0.2, s 2 =2, q̃r1 =1.54, q̃r 2 = 0.54 , d = 0.5, C21 = 1, x 1 = 0.5,

a) n1 = 1.5, ¿1 = 0.2; n2 = 1.5, ¿2 = 2

b) n1 = 1.5, ¿1 = 0.2; n2 = 3, ¿2 = 2

Fig. 9 Temperature distributions without convection (H1 = H2 = 0) at
both boundaries.

a) Diffuse re� ection

b) Specular re� ection

Fig. 10 Effect of the spectral band model on temperature distribu-
tions.

and x 2 = 0.5. As shown in Fig. 9, when the absorption coef� cient
of the second layer is larger than that of the � rst layer, the radiative
energy absorbed by the second layer is greater than that by the � rst
layer, so that, for the small t ¤ , the peakvalueor themaximumof tem-
peraturewould appearwithin the media althoughthere is no convec-
tive cooling on the surface.With the decrease of n2 and N , the peak
value or the maximum of temperature will become more obvious.

Effect of the Spectral Properties on Temperature Distributions

All of the preceding results are for the gray medium. Some re-
sults are given now for spectral band models A and B, as shown
in Table 1, where both models have three spectral bands. The pa-
rameters are q̃r1 =1.54 , q̃r2 =0.54, N1 = N2 = 1.25, H1 = H2 =1,
T̃g1 =1.5, T̃g2 =0.5, d =0.5, and C21 = 1, where L1 = L2 =0.01 m.
Results, under the following three conditions, are given in Fig. 10:
1) Spectral band models A and B are applied to the � rst and the
second layers, respectively (solid lines). 2) Both layers use model
A (dashed lines). 3) Both layers use model B (dot–dash lines). Gen-
erally, the solid curve is similar to the dashed curve in the � rst layer
and the dot–dash curve in the second layer. However, because the
medium described by model A has isotropic scattering and strong
absorption ability, for case 1, the effect of model A on the tempera-
ture distributionsis more importantthan thatof model B. When both
layers use the same model, the temperature distributions for model
B are more uniform than those for model A because the refractive
index of the former is larger than that of the latter.For model B with
the larger refractive index and without scattering, the effect of the
re� ective mode on the temperature distributions is larger than that
of the model A. Therefore, the temperaturesunderdiffuse re� ection
are higher than those under specular re� ection for model B, but the
trend of the temperature distributions is similar.

Radiative heat transfer is related to the space position, the spec-
tral properties, and the space direction. Generally, the space zone is
always dispersed in the calculation.The spectral propertiesare sim-
ulated by the three methods: the hypothesis of a gray medium, the
average equivalentweight parameter method, and the spectral band
model; the solid angle is also dispersed for most methods except for
the zonalmethod, � nite elementmethod, and Monte Carlo methods,
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such as the heat � ux method,17 the discrete transfer method,23 the
discrete intensity method,24 the P ¡ N method,25 the discrete ordi-
nates method,26 etc. For the single-layer absorbing, emitting, and
isotropic scattering STM with specular re� ection interfaces,20 the
method here has been veri� ed by a comparison with the results in
Refs. 27–29.

Conclusions
In this paper, under diffuse and specular re� ection, respectively,

the RTCs for a two-layer absorbing, emitting, and isotropic scatter-
ing semitransparent composite with both boundary surfaces semi-
transparent are derived using the ray tracing method and Hottel and
Saro� m’s zonal method.21 The radiative heat source term is cal-
culated by the RTCs. The transient energy equation is solved by
the control-volume method in combination with the spectral band
model. The transient temperature distributions and the heat � ux
densities in a composite layer are obtained for the general boundary
conditions of external radiation and convection.The method devel-
oped here does not need to disperse the solid angle, but integrates it
directly.

Under diffuse re� ection, the temperature distributions are com-
pared with an exact numerical solution15 and an approximate
solution16 using Green’s function and the two-� ux method. The di-
mensionless heat � ux densities are compared with those in Ref. 12.
Comparison with results in Refs. 12, 15, and 16 veri� es that the
obtained RTC and the method adopted in this paper are correct.The
method without discrete a solid angle is more accurate.

Illustrative results are provided to demonstrate the effects of the
re� ective mode, the scattering albedo, the dimensionless thickness,
the conduction–radiation parameter, the convection–radiation pa-
rameter, and the spectra properties on temperature distributions
and heat � ux densities. Thereby, the following conclusions can be
obtained:

1) When the absorption coef� cient of a composite layer is small
and without scattering, the re� ective mode of the surface has a
greater effect on the temperatures.

2) Increasing the scattering albedo can reduce the difference of
the temperature distributions caused by re� ective mode, so that the
differencecausedby re� ectivemode can be negligiblefor the media
with intense isotropic scattering.

3) For inhomogeneous media (two-layer semitransparent media
with differentphysicalpropertiescan be consideredas a single-layer
inhomogeneous semitransparentmedium), the radiative energy ab-
sorbed by the control-volumewith a large absorption coef� cient is
greater than that absorbed by the control-volume with a small ab-
sorption coef� cient. With this condition, although there is no con-
vective cooling on the surface, the peak value or maximum of the
transient temperature may nevertheless appear inside the media.

Appendix: RTC and Its Relativity
Under Diffuse Re� ection

RTC for an Absorbing, Emitting Composite

For the direct exchange area,

(Vbi Vb j )
d

k
= (vbi vb j ) k

+
(sbvbi )k

q bg[(sbvb j ) k
+ (sbsP )k q bP (sP vb j ) k]

1 ¡ FMb,k

+
(sP vbi ) k

q bP[(sP vb j ) k
+ (sbsP )k q bg(sbvb j ) k]

1 ¡ FMb,k

+
[(sbvbi ) k

q bg(sbsP )k c bP + (sP vbi )k
c bP]q cg c cP (scsP )2

k[(sP vb j )k
+ (sbsP )k q bg(sbvb j )k]

(1 ¡ FM1,k )(1 ¡ FM2,k )(1 ¡ FMk)(1 ¡ FMb,k )
(A10)

In Eq. (A10), if b =1, then c = 2, otherwise c = 1.

(V1i V2 j )
d

k
=

c 1P[(s1v1i ) k
q 1g (s1sP )k + (sP v1i ) k] £ [(sP v2 j ) k

+ (s2sP )k q 2g(s2v2 j ) k]
(1 ¡ FM1,k )(1 ¡ FM2,k )(1 ¡ FMk)

(A11)

(sbsP )k = 2 * 1

0

exp( ¡ j b,k Lb / l ) l d l (A1)

(scvb j ) k
= 2 * 1

0

{exp( ¡ j b,k xc,bh / l )

¡ exp[ ¡ j b,k(xc,bh + D x) / l ]} l dl (A2)

(vbi vb j ) k
= 2 * 1

0

{exp( ¡ j b,k xbi + 1 ,b j / l ) ¡ 2 exp( ¡ j b,k xbi ,b j / l )

+ exp( ¡ j b,k xbi ,b j + 1 / l )} l d l (i 6= j ) (A3)

(vbi vb j ) k
= 4j b,k D x ¡ 2[1 ¡ 2E3( j b,k D x)] (i = j ) (A4)

where if b =1 and c = P , or b =2 and c = 2, then h = j + 1, other-
wise, h = j .

For convenience, two functions are de� ned:

FMb,k = q b P q bg (sbsP )2
k (A5)

FMk =
c 1P c 2P q 1g q 2g(s1sP )2

k (s2sP )2
k

(1 ¡ FM1,k)(1 ¡ FM2,k)
(A6)

For FMb,k , under diffuse re� ection, the total radiativeenergy reach-
ing some element is a geometric progressionin the transferringpro-
cess of the radiative intensity in the single-layer (bth layer) STM.
FMb,k is the common ratio. For FMk , the total radiative energy
absorbed by some element is also a geometric progression in the
transfer process of the radiative intensity in the two-layer STM.
FMk is the common ratio.

For the expressions of RTC,

(Su Su )d
k = q gb +

c gb c bg q bP (sbsP )2
k

1 ¡ FMb,k

+
c gb c bP q cg c cP c bg(scsP )2

k (sbsP )2
k

(1 ¡ FM1,k)(1 ¡ FM2,k)(1 ¡ FMk )(1 ¡ FMb,k)
(A7)

(Su Vb j )
d

k
=

(sbvb j )k
+ q bP (sbsP )k (sP vb j )k

(1 ¡ FMb,k ) / c gb

+
c bP q cg c cP (sbsP )k (scsP )2

k[(sP vb j )k
+ (sbsP )k q bg(sbvb j )k]

(1 ¡ FM1,k )(1 ¡ FM2,k )(1 ¡ FMk)(1 ¡ FMb,k ) / c gb

(A8)

(Su Vc j )
d

k
=

c gb c bP (sbsP )k[(sP vc j ) k
+ (scsP )k q cg (scvc j ) k]

(1 ¡ FM1,k)(1 ¡ FM2,k )(1 ¡ FMk )
(A9)

In Eqs. (A7–A9), if u = ¡ 1 , then b =1 and c =2; otherwise b = 2
and c =1.
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Relativity of RTC

For diffuse re� ection, the total re� ection is considered in the
re� ectivity and transmissivity, so that the transmissivity and re� ec-
tivity of different sides of an interface are different. The relativities
of the RTCs are

(S ¡ 1 S+ 1 )d
k c g2 c 2P c 1g = (S+ 1 S ¡ 1 )d

k c g1 c 1P c 2g

(S ¡ 1 V1 j )
d

k
c 1g = (V1 j S ¡ 1 )

d

k
c g1

(S ¡ 1 V2 j )
d

k
c 2P c 1g = (V2 j S ¡ 1 )

d

k
c 1P c g1

(S+ 1 V1 j )
d

k
c 1P c 2g = (V1 j S+ 1 )

d

k
c 2P c g2

(S+ 1 V2 j )
d

k
c 2g = (V2 j S+ 1 )

d

k
c g2

(V1i V2 j )
d

k
c 2P = (V2 j V1i )

d

k
c 1P

(V1i V1 j )
d

k
= (V1 j V1i )

d

k
, (V2i V2 j )

d

k
= (V2 j V2i )

d

k
(A12)
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